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Abstract

A (n,m) graph G =(V,E) is said to be Cubic Harmonious
Graph(CHG) if there exists an injective function
fVG)—{1,2,3,........ m3+1} such that the induced mapping  f *chg:
EG)— {18233% .......... m®} defined by f *eg(uv) = (F(u)+f(v)) mod

(m3+1) is a bijection. Here we will discuss about cubic harmonious
labeling techniques of the graph B, ® K; - e and twig graph.
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1. Introduction

By a graph, we mean a finite, undirected graph without loops or multiple edges. A path on n vertices is
denoted by P,. Graph labeling, where the vertices are assigned certain values subject to some conditions,

have often motivated by practical problems. In the last five decades, enormous work has been done on this
subject [3].Any graph labeling will have the following three common characteristics :

(1). A set of numbers from which the vertex labels are chosen.

(2). A rule that assigns a value to each edge.

(3). A condition that these values must satisfy.

Graph labelings is an active area of research in graph theory which is mainly evolved through its rigorous
applications in coding theory, communication networks, optional circuits layouts and graph decomposition
problems. According to Beineke and Hegde [2] graph labeling serves as a frontier between number theory and
structure of graphs. For a dynamic survey of various graph labeling problems along with an extensive
bibliography we refer to Gallian [4]. Graham and Sloane[5] introduced harmonious labeling . Square
harmonious graphs were introduced in [10]. Cubic graceful graphs were introduced in [6]. Cubic harmonious
graphs were defined in [7].

Definition 1.1

The path on n vertices is denoted by Pn.

Definitionl.2

The Twig graph obtained from the the path P, by attaching exactly two pendant edges to each internal
vertex of the path .

Definitionl1.4

Let P,OK; be the Comb which is the graph obtained from a path P, by attaching pendant edge at each vertex
of the path .
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I1.MAIN RESULTS

Theorem 2. 1
The graph P, © K; - e is cubic graceful foralln > 1.
Proof:
Let G bethe graph B,® K, -e.
Let V(B,®K,-e) = ui, I<i<n
Vi, I£i<n-1
And
E(R,OK,-e) = iUis1 I1<i < n-l
Uivi I£i<n-1

Then |V(B,® K; -¢)| 2n-1 and |E(P,®K;-¢e)|= 2n-2
Define an injection f: V(P,® K, -e) — {1,2,3,......,(2n-2)*+1} by
fw) = 2n—-2)*+1

fw) = @n=°+ @2n—=2°+1-f(wy);  2<i<n
fw) = @2n—=22+1+ i3—f(w); I<i< n-1
The induced edge mapping are
fruy) = Cn-1-03% I<i< n-1
f* (uivi) = i3 X ISZSI’I-].
The vertex labels are in the set {1,2,3,....... , (2n-2)3+1}. Then the edge labels are distinct and cubic . They
are {13,23,3% ...........,(2n-2)%}.Hence the theorem.
Theorem 2.2

Let P, be the path on vertices. Then the twig graph G obtained from the path P, by attaching exactly two
pendant edges to each external vertex of the path is cubic harmonious.

Proof:
Let G be the twig graph.
Vi ; 1<i<n

Let V()= { U, W ; 2<j<n-1
and

E(G)= ViVip1 1<i<n-1

Uj Uj, VjWj; 2<j<n-—-1
Then
[ViG)|= 3n—4 and |E(G)|= 3n-5

Letf: V(G) » {1,23,..........,(3n—5)3 + 1} be defined as follows.
fv)= Bn—-5)3+1

fw) =GBn-3-03+G@n-53%+1-fv_; ; 2<i<n
fw) = 2n-20%+Bn-53+1- f(v;) ; 2<i<n-—-1
fw)= Cn—-1-23+@Bn-53%+1- f(v;); 2<i<n-1

Let f” be the induced edge labeling of f. Then

f*(vivi+1) = (37’1 —4 - 1)3 ; 1<i<n-1
frwu) = 2n—-20)*; 2<isn-1
f*w) = @Cn—1-20)3; 2<i<n-—-1
The vertex label are in the set {1, 2, ... ... ,(3n — 5)3 + 1}. Then the edge labels are distinct and cubic. The
edge sets are {13,23,33% ... ... , (3n — 5)3}. Hence the twig graph is cubic harmonious graph.
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111.CONCLUSION

The harmonious labeling is one of the most important labeling techniques. As all the graphs are not harmonious,
itis very interesting to investigate graphs or graph families which admit harmonious labeling.We have reported
the cubic harmonious labeling of different graphs.

REFERENCES

[1] N. Adalin Beatress, P.B.Sarasija, Square Harmonious Graphs , International Jounal of Advanced
Research in Science, Engineering and Technology. Vol.3, Issue 2 , February 2016.

[2] L.W.Beineke and S.M.Hedge, Strongly multiplicative graphs, Discuss. Math. Graph theory, 63-75,
(2001).

[3] Frank Harary, Graph Theory, Narosa Publishing House, New Delhi, 2001

[4] J.A . Gallian, A dynamic survey of graph labeling, The Electronic journal of Combinatrorics,(2016)

[5] R.L.Graham, N.J.A.Sloane, On additive bases and harmonious graphs ,SIAM.Algebr.Disc.Meth.,Vol 1,
No 4, pp 382-404 (1980).

[6] Mini.S.Thomas and Mathew Varkey T.K, Cubic Graceful Labeling , Global Journal of Pure And
Applied Mathematics, Volume 13,Number 9, pp 5225-5234, Research India Publications June (2017)

[71 Mini.S.Thomas and Mathew Varkey T.K, Cubic Harmonious Labeling . International Journal of
Engineering Development of Research (Accepted) (2017)

[8]. P.B.Sarasija and N.Adalin Beatress, Even - Odd harmonious graphs, international journal of
Mathematics and Soft Computing Vol.5, No1,23-29, (2015).

[9] S.C.Shee, “On harmonious and related graphs” Ars Combinatoria, vol 23, pp 237-247,(1987).

[10]. T.Tharmaraj and P.B.Sarasija, Square graceful graphs, international journal of Mathematics and Soft
Computing Vol.4, No 1,129-137, (2014),

[11]. T.Tharmaraj and P.B.Sarasija, Some Square graceful graphs, international journal of Mathematics and
Soft Computing Vol.5 No.1,119-127 . (2014).

133 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com



http://www.ijesm.co.in/

